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The accelerated failure time model (AFT) model is a linear regression model in
which the response variable is the logarithm or a known monotone
transformation of a failure time. In survival analysis, an AFT model is parametric
model that provides an alternative to the commonly used proportional hazards
models. Censoring is a form of missing data problem which is common in
survival analysis. For uncensored data, the least absolute error has received much
attention due to its robustness property with respect to the response variable in
the regression. Many researchers pointed out that, in addition to its robustness
property, the LAR method is particularly attractive for the AFT model due to the
simple fact that the median is well defined for censored data as long as censoring
is not too heavy. Following the approach of Stute (1999), it is proposed to
develop weighted LAR estimator for the AFT model using the Kaplan-Meier
weights, and is illustrated with a real data example.
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INTRODUCTION
The accelerated failure time (AFT) model is a linear
regression model in which the response variable is the
logarithm or a known monotone transformation of a
failure time, refer to Kalbfleisch and Prentice (2002). As a
useful alternative to the Cox model (Cox, 1972), this
model has a more intuitive linear regression interpretation,
see Wei (1992) for a lucid discussion. Semiparametric
estimation in the AFT model with an unspecified error
distribution has been considered by many authors. For
uncensored data, the least-absolute-deviation (LAD)
method has received much attention due to its robustness
property with respect to the response variable in the
regression, refer to Koenker and Bassett (1978). Powell
(1984) and Newey and Powell (1990) proposed LAD
estimators in regression models with censored response
when the censoring variables are always observable. Ying,
Jung and Wei (1995) proposed a median regression
estimator in the AFT model with right-censored response
variable. They pointed out that, in addition to its
robustness property, the LAD method is particularly
attractive for the AFT model due to the simple fact that
the median is well defined for censored data as long as
censoring is not too heavy.

Censoring is a form of missing data problem which is
common in survival analysis. For uncensored data, the
least absolute error has received much attention due to its
robustness property with respect to the response variable

in the regression. Many researchers pointed out that, in
addition to its robustness property, the LAR method is
particularly attractive for the AFT model due to the simple
fact that the median is well defined for censored data as
long as censoring is not too heavy.  For simplicity of
notations, we call this estimator the KMW-LAD
estimator. The use of the Kaplan-Meier weights to account
for censoring was first proposed by Stute (1993, 1996 and
1999) in least squares estimation of the AFT model. The
KMW-LAD estimator also has rigorous theoretical
justification under appropriate conditions.  Following the
approach of Stute (1999), it is proposed to develop
weighted LAR estimator for the AFT model using the
Kaplan-Meier weights, and is illustrated with a real data
example.

Univariate AFT model

For i = 1, . . . , n, let Ti, Ci and Xi be the log-transformed
failure time, censoring time and the p × 1 covariate vector
for the ith subject. It is assumed that Ti is conditionally
independent of Ci given Xi. An univariate semiparametric
AFT model has the form

T
i i iT =X β+ε , i=1,...,n ... ( 1)

Where β is an unknown p × 1 vector of regression
parameters, εi's are independent and identically distributed
random variables with an unspeci_ed distribution. It is
also assumed that εi's are independent of Xi. In the
presence of right censoring, the observed data are
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independent copies of (Yi, Δi, Xi), i = 1, ..., n, where Yi =
min(Ti; Ci), Δi = I(Ti < Ci), and I(.) is the indicator
function.

Multivariate AFT model

Suppose now we have a random sample of n independent
clusters with Ki margin in the ith cluster. For i = 1, ... , n
and k = 1, ..., Ki, let Tik, Cik and Xik be the log-transformed
failure time, censoring time and the p × 1 covariate vector
for margin k in cluster i. Further define the censored
failure time and censoring indicator to be Yik =
min(Tik;Cik) and Δik = I(Tik <Cik). The multivariate AFT
model takes the following form

T
ik ik ik iT =X β+ε , i=1,...,n, k=1,...,K ... ( 2)

where β is an unknown p × 1  vector of regression
parameters and the error terms, εi ={εi1, ..., εiKi}are
independent and identically distributed random variables
with an unspecified distribution throughout clusters. In the
presence of censoring, the observed data consists of copies
of {Yik, Δik ,Xik}, for i = 1,..., n and k = 1,...,Ki where Yik =
min(Tik;Cik) and Δik = I(Tik < Cik). For a detailed study,
refer to Chiou et. al. (2014).

LAD Regression for Censored Data

Let Ti be the logarithm of the failure time and
i i1 idX =(X ,...,X ) a d-dimensional covariate vector for

the ith subject in a random sample of size n. The AFT
model assumes

i 0 i1 1 id d iT =β +X β +...+X β +ε ,i=1,...,n ...( 3)

where β0 is the intercept, β0 ,...,βd are the regression
coefficients and εi is the error term with an unknown
distribution function. When Ti is subject to right

censoring, we can only observe i i(Y , ,X )i with

i i iY =min{T ,C ) where Ci is logarithm of the censoring

time and i =1{T }i iC 

is the censoring indicator. Suppose that a random sample
i i(Y , ,X )i ,i= 1,...,n with the same distribution as

(Y, ,X) is available. Let nF̂ be the Kaplan-Meier

estimator of the distribution function F of T (Kaplan and

Meier,1958). Following Stute and Wang (1993), nF̂ can be

written as

n

n ni (i)
i=1

F̂ (y)= w 1{Y £y}, where niw ’s are

the Kaplan-Meier weights and can be expressed as,

(1)
n1

δ
w =

n and

(j)δi-1
(1)

n1
j=1

δ n-j
w = ,i=2,...,n.

n-i+1 n-j+1

 
 
 


Here Y(1) ≤ ... ≤ Y(n) are the order statistics of Yi’s and
(1) (n),...,  are the associated censoring indicators.

Similarly, let X(1), ..., X(n) be the associated covariates of

the ordered Yi’s. Let 0 dβ=(β ,...,β ) . The KMW-LAD

estimator nβ̂ is the minimiser of

n

n ni (i) 0 (i1) 1 (id) d
i=1

L (β)= w Y -β -X β -...-X β . ...( 4)

Robustness is gained by using the LAD objective

function. nβ̂ can be computed using the R function rq in

the R library quantreg. For a detailed computational
procedure refer to Chiou et. al. (2014).

Least Absolute Relative Error Estimation

Linear regression model is one of the most fundamental
statistical models. And the most popular method of
estimation, which dates back to Gauss, is the method of
least squares (LS), refer to Gauss (1980) and Stigler
(1981). Specifically

* T *
i i iY =X β+ε , i=1,...,n ... (5)

where *
iY and Xi are, respectively, the response variable

and observable p-vector of covariates, β is the p-vector of

regression coefficients including an intercept and *
iε is the

unobservable error term independent of Xi . The least
squares criterion is to minimize the sum of squares of the
errors: * T 2

iY =ln(Y -X β)i i . The resulting LS

estimator enjoys some important optimality, such as best
linear unbiased estimator. It is efficient when the errors
follow normal distribution. An important alternative to the
least squares method is the least absolute deviation (LAD)
method, which is to minimize the sum of absolute values

of the errors: * T
iY =ln Y -X βi i . The LAD estimator

is more robust than the LS estimator and its computation
and inference procedure is now rather straightforward
with the help of linear program and random weighting.

The Model and the Least Absolute Relative Errors
(LARE) Criterion

Consider the following multiplicative model or
accelerated failure time model:

T
iY =exp(X β)ε , i=1,...,ni i ... (6)

which, by taking logarithmic transformation, is model (1)

with *
iY =log(Y )i and *

i iε =log(ε ). Such logarithmic

transformation is a reasonable choice in some cases due to
its theoretical simplicity. However, a linear relationship in
the transformed model is not linear in the original one.
And one need to transform the analysis results back to the
original measurement scale. Observe that the predictor of

Yi with covariate Xi is T
iexp(X β). It is intuitively

appealing and interpretable to consider the relative error
T

i i iY -exp(X β)Y . We note that T
i ilog(Y )-X β is

approximately equal to T
i i iY -exp(X β)/Y only when the

relative error is very small. For a detailed study refer to,
Chen et. al. (2010).

Heavy-Tailed distributions

Cauchy Distribution

X  has the Cauchy distribution with location parameter a



International Journal of Current Medical Sciences- Vol. 5, Issue, 1, pp. 8-13, January, 2015

10 | P a g e

R and and scale parameter b(0, ), then X
has probability density function given by

2 2

a
f(x) = , x R

π[b +(x-a) ]
 .

Where

f is symmetric about ;
f increases and then decreases, with mode x = a ;
f  is concave upward, then downward, then upward again,

with inflection points at 1
x = a ± b

3
;

f(x) 0 as x ;as shown in figure 1 .

Log Gamma Distribution

If X follows log-gamma (, β) is used to indicate that the
random variable X has the log-gamma distribution with
positive scale parameter  and positive shape parameter β.
A log-gamma random variable X with parameters  and β
has probability density function

xβx -e /α

β

e e
f(x)= ,   - < x <

α Γ(β)
 

The probability density function with three different
parameter combinations is given in fig.2. The cumulative
distribution, survivor function, hazard function,
cumulative hazard function, inverse distribution function,
moment generating function, and characteristic function
on the support of X are mathematically intractable. The
population mean, variance, skewness, and kurtosis of X
are also mathematically intractable.

Generalized Rayleigh (GR) Distribution.

For α > 0 and λ> 0, the two-parameter GR distribution has
the probability density function

2 22 -(λx) -(λx) α-1f(x;α,λ)=2αλ xe (1-e ) , x>0 .

Here α and λ  are the shape and scale parameters
respectively. The two-parameter GR distribution will be
denoted by GR(α,λ¸). It is also observed that the hazard
function of a GR distribution can be either bathtub type or
an increasing function, depending on the shape parameter

α. For 1α
2

 , the hazard function of GR(α,λ¸) is bathtub

type and for 1α>
2

, it has an increasing hazard function.

Surles and Padgett (2001) showed that the two-parameter
GR distribution can be used quite effectively in modelling
strength data and also modelling general lifetime data. For
a detailed computational procedure and simulation refer
to, Gupta and Kundu(2002) , Jaheen (1996) , Johnson et.
al.(1995), Karian and Dudewicz(1999), Mann et. al. (
1974),  Raqab (1998) , Rodriguez ( 1977), Surles and
Padgett(1998), Wongo(1993), Kroese et. al. (2011),
Lawless(1982) and  Rubinstein (1981). By making use of
these longer tailed error distribution, given in figure 1,
figure 2 and figure 3 ,a detailed simulated results together
with real data example shown in section 8.

Simulation Studies and Examples

The KMW-LAD estimator compared with the median
regression estimator as suggested by Ying et al.(1995) by
considering the AFT model with a single covariate. The
sample size is 100, 200 and (β0, β1) = (0, 1). The
covariates X are generated from the U (0; 1) distribution.
The errors are normally distributed with mean 0 and
standard deviation 0.6. Censoring variables are generated
independent of the covariates and the event. The censoring
rates are 10%; 30% and 60% respectively. The only
difference is that the errors have a Cauchy distribution,
which has heavier tails than the normal distribution. The
simulation settings here are similar to those in Ying et al.
(1995). Summary statistics based on 100, 200 replicates
are given in Table 1. It can be seen that both approaches
behave well under all simulated scenarios. The biases of
the proposed estimator are negligible. The sample
standard deviations and the mean squared errors of the

Fig. 1 Heavy-Tailed distribution - Cauchy

Fig. 2 Heavy-Tailed distribution-Log Gamma

Fig. 3 Heavy-Tailed distribution-Generalised Rayleigh
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proposed estimator are comparable with or slightly
smaller than the counterparts from the estimator of Ying et
al. (1995). The accuracy of the proposed approach
decreases as the censoring rate increases, as expected. The
proposed estimator is more stable for errors with less
variations.

Consider the AFT model with a three-dimensional
covariate. We set sample size 100 and 200 (β0 , β1, β2 , β3)
=(0; 1; 1; 1). The covariates are generated in a similar
manner such that the pairwise correlation coefficients

between the ith and the jth components are
i - j0.6 .

Errors are generated as normally distributed with mean 0
and standard deviation 0.6. Covariates are independently
generated. For both examples, censoring variables are
generated independent of the covariates and the event. The
censoring rates are 10% 30% and 60%. Confidence
intervals are constructed using the nonparametric
bootstrap, based on the asymptotic normality results
suggested by Huang et. al. (2005). The marginal empirical
coverage rates of 95% confidence intervals are (0:965;
0:940; 0:950; 0:950)  based on 100,200 replicates and 100
bootstrap for each sample. Extensive simulation studies
under different simulated scenarios all yield similar,
satisfactory empirical coverage rates are given in Table 2.

Real Data Example 1

Following the approach of Stute (1999) and based on the
lung cancer study data by Ying et al. (1995), a sample of
180 patients were selected with small lung cancer
available in the medical records at Regional Cancer centre
Trivandrum. The data are relating to two regimen: Arm A:
cisplatin followed by etoposide; and Arm B: etoposide
followed by cisplatin. It is observed that 180 patients with
limited-stage SCLC were randomly assigned to these two
groups, with 110 patients to A and 70 patients to B. At the
time of the analysis, there was no loss to follow-up. Each
death time was either observed or administratively
censored. Therefore, the censoring variable does not

depend on the covariates, which are the treatment
indicator and patients’ entry age. Let T be the base 10
logarithm of the patients’ failure time. Let X1 = 0 if the
patient is in Group A and 1 otherwise. Let X2 denote the
patients’ entry age. We assume the AFT model

0 1 1 2 2T=β +β X +β X +ε .

The data and model settings are the same as in Ying et al.
(1995). The proposed approach yield the following
estimates  β0 and β1 with KMW-LAD weights as in Table
1 and the estimates  β0, β1 and β2 with KMW-LAD
weights as in Table 2 given below

0 1
ˆ ˆβ = 2.812(0.172), β  = -0.151(0.052) from Table

1;

0 1 2
ˆ ˆ ˆβ = 2.812(0.172), β  = -0.151(0.052) and β  = 0.002(0.004)

from Table 2,

where the numbers in parentheses are the estimated
standard errors obtained using the nonparametric
bootstrap. The median regression estimates of Ying et al.
(1995) found to be

0 1 2
ˆ ˆ ˆβ = 2.987, β  = -0.159(0.091) and β  = -0.003(0.006) .

Estimates of the covariates effects from the two methods
are reasonably close. The KMW-LAD estimate has
smaller estimated standard errors. The effect of X1 is
modestly significant, which indicates that Arm A tends to
give better results than Arm B. The effect of entry age is
not significant. As pointed in Ying et al. (1995), one
advantage of the AFT model is that the median survival
time for a prospective patient can be predicted based on
above estimates.

Real Data Example 2

The weighted LAR estimate for the AFT model using
Kaplan-Meier weights is compared with the real data
example based on breast cancer data using AFT, and the
data were collected from160 patients available in the

Table 1 Summary statistics for the simulation studies , regression coefficients
β0 and β1 with KMW-LAD weights.

n Censoring Weight Parameter Bias SE MEE 90%CP 95%CP

100

10%

30%

60%

KMW-LAD

LARE

KMW-LAD

LARE

KMW-LAD

LARE

β0

β1

β0

β1

β0

β1

β0

β1

β0

β1

β0

β1

0.003
0.002
-0.015
-0.002
0.002
0.002
-0.007
0.001
0.0002
0.001
-0.004
0.001

0.131
0.132
0.139
0.139
0.139
0.140
0.145
0.149
0.142
0.143
0.154
0.156

0.132
0.133
0.140
0.139
0.135
0.142
0.152
0.148
0.139
0.142
0.156
0.155

0.90
0.90
0.92
0.91
0.89
0.89
0.91
0.89
0.87
0.87
0.90
0.88

0.94
0.94
0.94
0.93
0.93
0.92
0.93
0.93
0.93
0.92
0.93
0.92

200

10%

30%

60%

KMW-LAD

LARE

KMW-LAD

LARE

KMW-LAD

LARE

β0

β1

β0

β1

β0

β1

β0

β1

β0

β1

β0

β1

-0.005
-0.005
-0.007
0.004
-0.003
-0.006
0.003.
-0.001
0.0003
-0.004

-0.0002
0.009

0.093
0.093
0.094
0.091
0.098
0.099
0.099
0.106
0.105
0.108
0.112
0.117

0.093
0.093
0.096
0.096
0.096
0.099
0.009
0.107
0.106
0.109
0.113
0.115

0.91
0.91
0.93
0.91
0.90
0.89
0.91
0.89
0.87
0.87
0.90
0.89

0.95
0.95
0.94
0.93
0.93
0.92
0.95
0.95
0.93
0.92
0.93
0.93
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medical records in Regional Cancer Institute, Trivandrum
over a period of 36 months from August 2011 to August
2014.

In  this  Cancer data set , the age and stages are considered
as important covariates based on previous studies. The
stages of the disease are classified based on the five point
scale,  refer to Engel et al.(2003); Michaelson et al.(2002).
The age is classified into less than 50 years and more than
50 years as per Robb et al., (2007). Moreover, in breast
cancer age is an important factor and 60% of the women
diagnosed were over the age 50.

In order to determine the most suitable distribution to the

survival periods, the AFT form of the Cauchy,
Generalised Rayleigh distribution and Log Gamma
distribution were compared using Akaike Information

Criteria (AIC), and -2 log likelihood (-2LL) and the results
are shown in Table 3,Table 4 and Table 5.

The AFT models are compared for time to death in breast
cancer data using Cauchy, Log Gamma and Generalized
Rayleigh models, it is observed that age is not a risk factor
but stages are found to be a risk factor. It is concluded that
Generalised Rayleigh and Log Gamma are identified as

suitable models based on the lower values of AIC and

Table 3 Classification of death according to Stages and Age group

Stages Age Groups
Stage 2B

N%
Stage 3A

N%
Stage 3B

N%
Age<50 Years

N%
Age≥50 Years

N%
Death Status

Alive
Dead

50
30

30
10

25
15

70
30

35
25

Total 80 40 40 100 60

Table 4 Parameter Estimates (with SE) for the Effects of Stage and Age on Survival for Breast Cancer Patients,
Modelling Time Directly Assuming the following Distributions

Variable Cauchy Log Gamma Generalised Rayleigh
Age -0.006 0.006 -0.002 0.007 -0.005 0.007

Stage 2B -0.181 0.098 -0.412 0.112 -0.195 0.134
Stage 3A -0.285 0.108 -0.657 0.134 -0.342 0.145
Stage 3B 0.345 0.133 0.213 0.254 0.124 0.236
Constant 5.345 0.398 5.100 0.465 4.998 0.412

-2LL 945.92 926.56 934.48
AIC 962.65 922.67 942.29

Table 2 Summary statistics for the simulation studies, regression coefficients
β0, β1 and β2 with KMW-LAD weights.

n Censoring Weight Parameter Bias SE MSE 90%CP 95%CP

100

10%

30%

60%

KMW-LAD

LARE

KMW-LAD

LARE

KMW-LAD

LARE

β0

β1

β2

β0

β1

β2

β0

β1

β2

β0

β1

β2

β0

β1

β2

β0

β1

β2

0.003
0.002
0.001
-0.015
-0.002

-0.0014
0.002
0.002
0.001
-0.007
0.001
0.001
0.0002
0.001
-0.009
-0.004
0.001
-0.008

0.131
0.132
0.130
0.139
0.139
0.138
0.139
0.140
0.142
0.145
0.149
0.148
0.142
0.143
0.144
0.154
0.156
0.155

0.132
0.133
0.132
0.140
0.139
0.138
0.135
0.142
0.145
0.152
0.148
0.148
0.139
0.142
0.145
0.156
0.155
0.158

0.90
0.90
0.89
0.92
0.91
0.90
0.89
0.89
0.90
0.91
0.89
0.90
0.87
0.87
0.88
0.90
0.88
0.90

0.95
0.94
0.95
0.95
0.94
0.93
0.93
0.92
0.93
0.93
0.93
0.93
0.93
0.92
0.92
0.93
0.92
0.93

200

10%

30%

60%

KMW-LAD

LARE

KMW-LAD

LARE

KMW-LAD

LARE

β0

β1

β2

β0

β1

β2

β0

β1

β2

β0

β1

β2

β0

β1

β2

β0

β1

β2

0.002
0.002
0.001
-0.014
-0.002

-0.0015
0.0009
0.002
0.001
-0.008
0.001
0.001
0.0002
0.001
-0.009
-0.004
0.001
-0.008

0.133
0.132
0.130
0.139
0.139
0.138
0.139
0.140
0.142
0.145
0.149
0.148
0.142
0.143
0.144
0.154
0.156
0.155

0.132
0.133
0.132
0.141
0.139
0.138
0.135
0.142
0.145
0.152
0.148
0.148
0.139
0.142
0.145
0.156
0.155
0.158

0.90
0.90
0.89
0.92
0.91
0.90
0.89
0.89
0.90
0.91
0.89
0.90
0.87
0.87
0.88
0.90
0.88
0.90

0.95
0.95
0.93
0.94
0.93
0.93
0.92
0.92
0.93
0.93
0.93
0.93
0.93
0.92
0.92
0.93
0.92
0.93
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deviance.

Comparing this result with LAR estimate for the AFT model
using Kaplan –Meier weights, the former results shown in
tables 1 and 2 seems to be the best and the results are
substantiated through real data example discussed in section
8. This will exhibit the real life phenomena that is cited by
many authors in the recent literature.
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Table 5 Time Ratio (with SE) for the Effects of Age on Survival for Breast Cancer    Patients.

Distribution Time Ratio S.E P value 95% Confidence interval
Cauchy 0.991 0.007 0.212 0.974 1.002

Log Gamma 0.995 0.007 0.342 0.974 1.013
Generalised Rayleigh 0.998 0.008 0.512 0.975 1.015
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